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We put a stringent constraint on the isovector nuclear interactions in the Skyrme-Hartree-Fock
model from the centroid energy E−1 of the isovector giant dipole resonance in
208Pb as well as its
electric polarizability αD. Using the Bayesian analysis method, E−1 and αD are found to be mostly
determined by the nuclear symmetry energy Esym at about ρ
⋆ = 0.05 fm−3 and the isovector nucleon
effective mass m⋆v at the saturation density. At 90% confidence level, we obtain Esym(ρ
⋆) = 16.4+1.0
−0.9
MeV and m⋆v/m = 0.79
+0.06
−0.06 .
Understanding properties of nuclear interactions is one
of the main goals of nuclear physics. So far the uncer-
tainties mainly exist in isovector channels of nuclear in-
teractions, and they manifest themselves in the isospin-
dependent part of the nuclear matter equation of state
(EOS) and the single-nucleon potential. The isospin-
dependent part of the EOS, i.e., the symmetry energy
Esym, although still not well determined, is around 30
MeV at the saturation density ρ0, while its density de-
pendence characterized by the slope parameter L =
3ρ0(dEsym/dρ)ρ0 has recently been constrained within
L = 58.7 ± 28.1 MeV [1, 2] from various approaches.
On the other hand, the momentum-dependence of the
single-nucleon potential is generally characterized by the
nucleon effective mass in the non-relativistic case, which
is usually defined as that at the Fermi momentum in
normal nuclear matter. Neutrons and protons may have
different effective masses in isospin asymmetric nuclear
matter, and the isospin splitting of the nucleon effective
mass m⋆n−p ≡ (m
⋆
n −m
⋆
p)/m is even less constrained de-
pending on the approaches used in the analysis (see, e.g.,
Table 2 in Ref. [3]). Both the symmetry energy and the
isospin splitting of the nucleon effective mass have sig-
nificant ramifications in nuclear reactions, nuclear struc-
tures, and nuclear astrophysics [3–7]. They are related
to each other through the Hugenholtz-Van Hove theo-
rem [1, 8], and most isospin tracers are sensitive to both
the Esym and the m
⋆
n−p. This adds difficulties to ac-
curately extracting the information of isovector nuclear
interactions, unless a proper analysis using multiple ob-
servables is employed.
Observables of finite nuclei serve as good probes of nu-
clear interactions and nuclear matter properties at and
below the saturation density. It has been found that use-
ful information about isovector nuclear interactions can
∗xujun@zjlab.org.cn
be extracted from the isovector giant dipole resonance
(IVGDR) [9–17], an oscillation mode in which neutrons
and protons move collectively relative to each other. The
centroid energy E−1 of the IVGDR is a good probe of the
Esym around and below the saturation density [9, 14],
while the product of the electric polarizability αD and
the Esym at the saturation density shows a good linear
dependence on L [13, 15, 18]. Recently, it has been found
that both the E−1 and the αD can be affected by m
⋆
n−p
as well [19, 20], once the isoscalar nucleon effective mass
is determined by the excitation energy of the isoscalar
giant quadruple resonance (ISGQR) [19–26]. Since the
E−1 and the αD are sensitive to both the Esym and the
m⋆n−p, we employ the Bayesian analysis as in Ref. [27]
to extract Esym and m
⋆
n−p as well as their correlations,
with properties of giant resonances calculated from the
random-phase approximation (RPA) method based on
the Skyrme-Hartree-Fock (SHF) model [28].
The standard SHF functional originating from the fol-
lowing effective Skyrme interaction is used in the SHF-
RPA calculation [28]
v(~r1, ~r2) = t0(1 + x0Pσ)δ(~r)
+
1
2
t1(1 + x1Pσ)[~k
′2δ(~r) + δ(~r)~k2]
+ t2(1 + x2Pσ)~k
′ · δ(~r)~k
+
1
6
t3(1 + x3Pσ)ρ
α(~R)δ(~r)
+ iW0(~σ1 + ~σ2)[~k
′ × δ(~r)~k]. (1)
In the above, ~r = ~r1−~r2 and ~R = (~r1+~r2)/2 are related to
the positions of two nucleons ~r1 and ~r2, ~k = (∇1−∇2)/2i
is the relative momentum operator and ~k′ is its complex
conjugate acting on the left, and Pσ = (1 + ~σ1 · ~σ2)/2 is
the spin exchange operator. The parameters t0, t1, t2,
t3, x0, x1, x2, x3, and α can be solved inversely from
the macroscopic quantities [29], i.e., the saturation den-
sity ρ0, the binding energy at the saturation density E0,
the incompressibility K0, the isoscalar and isovector nu-
2cleon effective mass m⋆s and m
⋆
v at the Fermi momentum
in normal nuclear matter, the symmetry energy and its
slope parameter at the saturation density E0sym and L,
and the isoscalar and isovector density gradient coeffi-
cient GS and GV . The spin-orbit coupling constant is
fixed at W0 = 133.3 MeVfm
5. In the present study, we
determine the value of m⋆s from the excitation energy of
the ISGQR in 208Pb, and calculate the posterior proba-
bility distribution functions (PDFs) of the isovector in-
teraction parameters, i.e., E0sym, L, and m
⋆
v, through the
Bayesian analysis, while keeping the values of the other
macroscopic quantities the same as the empirical ones
from the MSL0 interaction [29], since the E−1 and αD
have been shown to be most sensitive to E0sym, L, and
m⋆v [9, 13–15, 18–20, 30].
The operators for the IVGDR and ISGQR are chosen
respectively as
Fˆ1M =
N
A
Z∑
i=1
riY1M(rˆi)−
Z
A
N∑
i=1
riY1M(rˆi), (2)
and
Fˆ2M =
A∑
i=1
r2i Y2M(rˆi), (3)
where N , Z, and A are respectively the neutron, proton,
and nucleon numbers in a nucleus, ri is the coordinate
of the ith nucleon with respect to the center-of-mass of
the nucleus, and Y1M(rˆi) and Y2M(rˆi) are the spherical
Bessel functions. The choice of the magnetic quantum
number M is related to the parity, with the later being
−1 for the IVGDR and 1 for the ISGQR. Using the RPA
method [28], the strength function
S(E) =
∑
ν
|〈ν||FˆJ ||0˜〉|
2δ(E − Eν) (4)
of a nucleus resonance can be obtained, where the square
of the reduced matrix element |〈ν||FˆJ ||0˜〉| represents the
transition probability from the ground state |0˜〉 to the
excited state |ν〉. The moments of the strength function
can then be calculated from
mk =
∫ ∞
0
dEEkS(E). (5)
The centroid energy E−1 of the IVGDR and the electric
polarizability αD can be obtained from the moments of
the strength function through the relation
E−1 =
√
m1/m−1, (6)
αD =
8πe2
9
m−1. (7)
The moments are not used in the ISGQR analysis, since
the excitation energy Ex is the peak energy of the
strength function to be compared with the corresponding
experimental result.
The Bayesian analysis is used to obtain the PDFs of
model parameters from the experimental data. Such
PDFs can be formally calculated from the Bayes’ the-
orem
P (M |D) =
P (D|M)P (M)∫
P (D|M)P (M)dM
. (8)
In the above, P (M |D) is the posterior probability for the
modelM given the data set D, P (D|M) is the likelihood
function or the conditional probability for a given the-
oretical model M to predict correctly the data D, and
P (M) denotes the prior probability of the model M be-
fore being confronted with the data. The denominator
of the right-hand side of the above equation is the nor-
malization constant. For the prior PDFs, we choose the
model parameters p1 = E
0
sym uniformly within 25 ∼ 35
MeV, p2 = L uniformly within 0 ∼ 120 MeV, and
p3 = m
⋆
v/m uniformly within 0.5 ∼ 1, with m being the
bare nucleon mass. The theoretical results of dth1 = E−1
and dth2 = αD from the SHF-RPA method are used to
calculate the likelihood of these model parameters with
respect to the corresponding experimental data dexp1 and
dexp2 according to
P [D(d1,2)|M(p1,2,3)]
=
1
2πσ1σ2
exp
[
−
(dth1 − d
exp
1 )
2
2σ21
−
(dth2 − d
exp
2 )
2
2σ22
]
,(9)
where σ1,2 denote the widths of the likelihood function.
The posterior PDF of a single model parameter pi is given
by
P (pi|D) =
∫
P (D|M)P (M)Πj 6=idpj∫
P (D|M)P (M)Πjdpj
, (10)
while the correlated PDF of two model parameters pi and
pj is given by
P [(pi, pj)|D] =
∫
P (D|M)P (M)Πk 6=i,jdpk∫
P (D|M)P (M)Πkdpk
. (11)
The calculation of the posterior PDFs is based on the
Markov-ChainMonte Carlo (MCMC) approach using the
Metropolis-Hastings algorithm [31, 32]. Since the MCMC
process does not start from an equilibrium distribution,
initial samples in the so-called burn-in period have to be
thrown away.
The mean values of the experimentally measured exci-
tation energy Ex = 10.9 MeV [25] of the ISGQR in
208Pb
can be reproduced by using m⋆s/m = 0.83 approximately
independent of other macroscopic quantities, whose val-
ues remain unchanged as those from the MSL0 interac-
tion [29] for the IVGDR analysis. The small experimen-
tal error bars of Ex are neglected in the present study.
For the given m⋆s/m, the experimental results of the cen-
troid energy E−1 = 13.46 MeV of the IVGDR from pho-
toneutron scatterings [33], and the electric polarizability
3αD = 19.6±0.6 fm
3 from polarized proton inelastic scat-
terings [34] and with the quasi-deuteron excitation con-
tribution subtracted [15], are used in the Bayesian analy-
sis. Larger σ1 and σ2 values are used to evaluate the like-
lihood function in the early stage of the MCMC process,
in order to accelerate the convergence procedure, and it
gradually decreases to the 1σ error from the experimen-
tal measurement, after which the results are analyzed.
An artificial 1σ error of 0.1 MeV for the well-determined
E−1 value of the IVGDR is used in the analysis after
convergence.
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FIG. 1: (Color online) Upper: Mean values of m⋆v/m (a) and
L (b) as a function of the step number at a fixed E0sym = 30
MeV for 10 parallel runs; lower: The PDFs of m⋆v/m (c) and
L (d) as well as their correlations (e) at a fixed E0sym = 30
MeV.
By fixing E0sym = 30 MeV, we first study the posterior
PDFs of m⋆v/m and L, and their mean values as a func-
tion of the step number are plotted in the upper panels
of Fig. 1, for 10 parallel runs. It is seen that the con-
vergence is generally reached after a few thousand steps.
The PDFs are thus from analyzing the results after about
2000 steps, and until 10000 steps there are totally about
800 accepted data samples for each run. The posterior
PDFs of m⋆v/m and L as well as their correlations are
plotted in the lower panels of Fig. 1. It is seen that the
PDF of m⋆v/m peaks around 0.8, while that of L peaks
around 30 MeV. The anticorrelation between m⋆v/m and
L for a fixed E0sym is observed. A narrower anticorrela-
tion is expected to be observed by using a smaller artifi-
cial 1σ error for E−1, but with the slope of the anticorre-
lation unchanged. Although the L values from the above
Bayesian analysis at a fixed E0sym = 30 MeV are small
compared with the average ones extracted from various
approaches in Refs. [1, 2], they are consistent with the
IVGDR result in Ref. [9] (see also the ”GDR” band in
Fig. 1 of Ref. [35]).
The uncertainties of E0sym are expected to affect the
extracted PDFs of m⋆v/m and L as well as their corre-
lations. The upper panels of Fig. 2 compare the corre-
lations between m⋆v/m and L at E
0
sym = 28, 30, and 32
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FIG. 2: (Color online) PDFs in the m⋆v/m − L plane (upper
panels) and in the m⋆v/m−Esym(ρ
⋆) plane (lower panels) at
E0sym = 28, 30, and 32 MeV, with ρ
⋆ = 0.05 fm−3.
MeV, respectively. For a larger E0sym, the PDF moves to
the upper side of the figure with a larger L value, while
the PDF of m⋆v/m as well as the anticorrelation between
m⋆v/m and L remain almost unchanged. Similarly, it is
also possible to study the correlation between m⋆v/m and
E0sym at a fixed L, and the results are shown in the upper
panels of Fig. 3. The positive correlation between m⋆v/m
and E0sym for a given L is observed. For a larger L, the
PDF moves to the upper side of the figure with a larger
E0sym value, while the shape of PDF remains almost the
same.
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FIG. 3: (Color online) PDFs in the m∗v −E
0
sym plane (upper
panels) and in the m⋆v/m−Esym(ρ
⋆) plane (lower panels) at
L = 20, 30, and 40 MeV, with ρ⋆ = 0.05 fm−3.
Inspired by the regular behaviors observed above,
we have further studied the correlation between L and
Esym(ρ
⋆) for different ρ⋆ at a fixed m⋆v/m in Fig. 4. For
ρ⋆ = 0.16 fm−3, a nearly linear and positive correlation
between L and E0sym = Esym(ρ
⋆) is observed. Similar lin-
ear relations were extracted in Ref. [15] from the neutron-
skin thickness and αD for various nuclei. This positively
linear correlation between L and E0sym is consistent with
4the behaviors observed in the upper panels of Figs. 2 and
3, showing that properties of the IVGDR are sensitive
to the Esym(ρ
⋆) at ρ⋆ other than the saturation density.
The latter can be calculated from the SHF functional,
with given values of L, m⋆v/m, E
0
sym, and other default
quantities from the MSL0 interaction. From positive to
slightly negative correlations between L and Esym(ρ
⋆)
are observed with the decreasing value of ρ⋆. It is inter-
esting to see that for ρ⋆ = 0.05 fm−3 values of Esym(ρ
⋆)
become approximately uncorrelated with L, showing that
E−1 and αD are most sensitive to the symmetry energy
at that density. This is consistent with the conclusion
from Ref. [30] that αD of
208Pb is strongly correlated
with the symmetry energy at about ρ0/3. The observed
cutoffs in the PDFs are due to the choice of the prior
distribution, i.e., E0sym within 25 ∼ 35 MeV. The corre-
lations are shifted at different fixed m⋆v/m values, while
the strong correlation between properties of the IVGDR
in 208Pb and Esym at ρ
⋆ = 0.05 fm−3 remains robust.
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FIG. 4: (Color online) PDFs in the L − Esym(ρ
⋆) plane at
m⋆v/m = 0.75 (a), 0.80 (b), and 0.85 (c) for different values
of ρ⋆.
The above finding shows that the sensitivity of IVGDR
properties to the Esym at ρ
⋆ = 0.05 fm−3 instead of L
or E0sym as well as m
⋆
v/m is a robust feature based on
the Bayesian analysis. To further confirm this finding,
we have calculated Esym(ρ
⋆) from L, m⋆v/m, E
0
sym, and
other default quantities from the MSL0 interaction, and
replotted the upper panels of Fig. 2 and Fig. 3. For dif-
ferent values of L and E0sym, the resulting correlations in
the m⋆v/m − Esym(ρ
⋆) plane are displayed in the lower
panels of the corresponding figures. It is seen that these
PDFs are almost the same and thus approximately inde-
pendent of L and E0sym.
The final resulting PDFs of m⋆v/m and Esym(ρ
⋆) as
well as their correlations in the present study are shown
in Fig. 5. It is seen that m⋆v/m are positively corre-
lated with Esym(ρ
⋆). We obtain m⋆v/m = 0.79
+0.04
−0.04 and
Esym(ρ
⋆) = 16.4+0.5−0.7 MeV at 68% confidence level, and
m⋆v/m = 0.79
+0.06
−0.06 and Esym(ρ
⋆) = 16.4+1.0−0.9 MeV at 90%
confidence level. The 90% confidence interval of m⋆v/m
together with m⋆s/m = 0.83 leads to the neutron-proton
effective mass splitting m⋆n−p ≈ 0.084
+0.143
−0.123δ in normal
nuclear matter with the isospin asymmetry δ.
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FIG. 5: (Color online) The PDFs of m⋆v/m (a) and Esym at
ρ⋆ = 0.05 fm−3 (b) as well as their correlations (c) roughly
independent of L and E0sym.
In conclusion, we have studied the IVGDR in 208Pb
from the random-phase approximation method based
on the Skyrme-Hartree-Fock model, and employed the
Bayesian analysis to extract the posterior PDFs of isovec-
tor parameters from the centroid energy of the IVGDR
and the electric polarizability. Inspired by the similar
shape of the PDFs for a given symmetry energy at the
saturation density E0sym or the slope parameter L of the
symmetry energy as well as the linear correlation between
L and E0sym, we found that properties of IVGDR are
mostly determined by the positive correlation between
the symmetry energy at ρ⋆ ≈ 0.05 fm−3 and the isovec-
tor nucleon effective mass m⋆v, but not directly by L and
E0sym. Moreover, m
⋆
v/m = 0.79
+0.06
−0.06 at the saturation
density and Esym(ρ
⋆) = 16.4+1.0−0.9 MeV are obtained at
90% confidence level from the present study.
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